The fluid governed by this equation is shown to behave as a classical fluid .when the density is nearly uniform, but has properties associated with interfacial behavior when the local variation of density is large.
The material near a two-phase interface in such a fluid is subject to a complex system of multipolar stresses. However, the thermodynamic behavior of the fluid near the interface is governed by the familiar relation pF = J.lP -p where P may be regarded as a thermodynamic pressure. Gibbs' thermodynamics of surfaces follows naturally for an interface.in this fluid when the Gibbs construction is used~ The relation of this. model to prior con-) tinuum and statistical models of the fluid interface is discussed.
INTRODUCTION
' As has long been realized, the interfaces separating fluid phases in contact are not strict physical discontinuities. They are rather thin transition shells across which material properties and thermodynamic densities vary from the values appropriate to one phase to those appropriate to the other. The properties of the material located within the transition shell are of great interest since these properties determine interfacial behavior.'
The finite thickness of the interfacial shell is explicitly recognized in the classical equilibrium thermodynamics of surfaces developed by J. W. Gibbs (1879) . Gibbs avoided the difficulty of specifying local behavior-within the interfacial shell in a simple formal way. Gibbs defined a geometrical "dividing surface" lying in or near the interface and placed so as to pass through "points \vhich are similarly situated with respect to the condition of the adjac~nt matter". He imagined that the homogeneous phases to either side of the interface extended up the this dividing surface. He then forced this hypothetical 1 two-dimen- Gibbs argued that the increment to surface excess energy due to an infinitesimal change in-the states ,of the adjacent phases together with an infini,tesimal variation in the form of the dividing surface will satisfy the inequality (presume a one-compqnent system).
{1.1)
'-2-, In this equation S is the area of the element of dividing s~rface to which £(S) refers, K is its mean curvature, and e, 11, cr and Care multipliers. The variation is taken from a state of equilibrium. The ' inequality (1.1) becomes ~m equality i f the varied state is also of equilibrium. Gibbs full thermodynamics of surfaces at equilibrium follows as a consequence of this relation. In particular, the fundamental equation of the surface may be written ' (1. 2) where F(S) is the surface excess of the Helmholtz free energy.
While the value of Gibbs' thermodynamics of surfaces is well known his approach avoids a number of relevant_ problems, including the following. 
)
The most widely used are the mechanical model of the interface suggested by Young (1805) and developed recently by Buff (1951 Buff ( , 1955 Buff ( , 1956 and the thermodynamic model of the continuous interface developed by Van der l.Jaals (Van der Waals 1894; Bakker 1928) and by Cahn and Hilliard (Cahn and Hilliard 1958, 1959; Cahn 1959 Cahn , 1961 Cahn , 1962 ). the' stress is assumed given by (1.3) where ~3 is a unit vector normal to the dividing surface and ~l :nd ~2 are unit vectors in a plane parallel to the dividing surface. The thermodynamic surface tension (a) is then identified as the surface excess (crT (s)) of the tangential stress aT. When the interface is plane this treatment gives " = " (s) = 00 / ( "
where x 3 is the coordinate along the normal vector ~3 , equal to zero at the dividing surface, and P is the pressure of the fluid phases, equal since the,interface is plane.
Buff (1955-, 1956 ) employed this mechanical model in studies of curved interfaces in the pres~nce of external force fields. Buff recognized, however, that the identification a = aT (s) might fail for non-simple -4-interfaces.
A thermodynamic model of the interface was also well developed before 1900, due p~incipally to the work of Vim der Waals and his students.
In this model it is assumed that fluid density varies continuously across_... a two-phase interface in a one-component fluid and that a local Helmholtz free energy density (free energy per unit mass) (f) may be defined at any point within the tv10-phase fluid. On the presumption that the free energy of a fluid element embedded in a density gradient will be influenced by the gradient, f is assumed given by the expansion 2 2
In the expansion the temperature ·e, density p, and density gradients 'Vp We specjfically consider the equilibrium behavior of a one-component fluid. ~he fluid is assumed both physically and thermodyna~ically continuous.
• -7-
In classical thermodynamics it is assumed that a local free energy 9ensity may be defined within homogeneous parts of such a fluid. When the fluid is in thermodynami_c equilibrium this free energy is given by a "fundamental ~quation"
where f is free energy per unit mass and 8 and p. are the values of temperature and density at the point to which f refers •. The functional form of .f is specific to the chemical component composing the fluid.
Extrapolating this result, we presume that local free energy density may also b~ defined within parts of the fluid where density gradients exist at equilibrium, for examplet within the interfacial shell, and that this free energy is given by a fundamental equation which generalizes -8-
(1) The mass density p~) and the temperature e are defined for all . particles ~ in the fluid. p ~) is a scalar field continuous and' differentiable to whatever order is required. 6 is assumed constant (it may .
be shown (Morris, 1972 ) that 6 must be constant at equilibrium).
(2) The temperature 6 and the scalar field pee) determine the thermodynamic state of the fluid; in particular, they determin~ the free energy density of the element X of the fluid. Hence there exists a A~sumption (1) has the consequen,ce that the den,sity p (~) of a particle The assumed continuity of F in its.arguments e and p~) implies continuity of f in e, p, and the gradients of p.
When the density does not vary· sharply near X \ve may use the 'VQ assumed small size of N~0 ) to argue that th'e series 2. 3 may be truncated after the low order terms. f then depends explicitly only on the first few gradients of the density. _However, it is known empirically that very rapid density variations may occur near a two-phase fluid interfaces, since the region influenced by the inter~ace may be only a fe\v atom diamete'rs in thickness. An early termination of the series 2. 3 is questionable in this case. In the interest of mathematical simplicity, however, ~e here assume that only the first two gradients of p need explicitly appear in the fundamental equation. The influence of higher order gradients is considered elsewhere (Harris, 1972) .
The fundamental equation of the fluid may now be written
(2.5)
The expli,cit retention of the first two gradients of p in this eguation is not: arbitrary. As ~e shall see below there are plausible cases in which the correction to f due to the second gradient VVp is of the same
order as that due to the first gradient; hence the second gradient cannot be·ignored if the first is included. If both gradients are neglected f is reduced to f ce; p), the fundamental equation of a classical fluid.
We shall show in the following that the fundamental equation f (6, p)
-10-leads to the empirically unacceptable result that the surface tension of a plane fluid interface is zero.
The form of the function f is constrained by the requirement that it lead to fluid behavior consistent with the presumed isotropic syriunetry of the·fluid. If the fluid is isotropic then the value of the free energy density near any interior point must be insensitive to the orientation of the gradients ~P and V~p with respect to fixed-material coordinates.
This constraint has the consequence that f can depend-explicitly onl~ on scalar invariants of the tensor variables Vp, VVp, and their products. f{,t
In the discussion leading to equation 2.6 the fluid was referred to material coordinates {Xa} and the gradients were computed with respect to these coordinates. However, the function f in the equation 2.6 is a scalar function depending only on tensor invariants. The function f _has the same form whether the fluid is referred to material coordinates {Xa} or to coordinates {xk} fixed in space. In particular, the fluid may be described by a system of cartesian coordinates fixed in space. In the following cartesian coordinates will be assumed unless otherwise stated and tensor components will be written in cartesian tensor notation when
• . .
Since ~0 is an arbitrary point in the fluid the fundamental equation where the function g and its derivatives are well behaved near zero and g increases from zero to one as~·~-~0 ) increases from zero to some large number. Then a density variation.near ~0 may be "turned on" by increasing the magnitude (S) of ~ at fixed A, and may be turned off by letting f3 approach zero. ~~enS is_small one may form a Taylor expansion for f about a state of uniform density. The result is 
THE MECHANICS OF THE INTERFACE AT EQUILIBRIUM
An element of fluid governed by e_quation 2. 6 is assumed to be at mechanical equilibri~m under the action of a.body force~, due to gravity or other externally imposed scalar fields, and a system of stresses which account for the interaction of the element with other parts of the fluid.
The body force b is assumed given by where okm is the Kronecker delta, equation 3.4 may be written in the form where the symbol-~(ml .•• m_.) repres~nts the sum of all tensor cornpqnents -J ' related through a permutati'on of the indices enclosed i'n brackets.
The last of ~quations 3.11 is the clas~ical form of Cauchy's First Law. This equation remains valid within material subject to a system of multipolar stresses. It may be derived as a consequence of the require-' . ment that the free energy of the fluid at equilibrium be invariant to rigid-body displacements (Green and Rivlin, 1964) . The free ~nergy of the fluid must also be invariant to rigid-body rotations. This condition is automatically satisfied since the tensor 'km (equation 3.9) is symmetric. ~ !quations 3.11, taken together with equations 3.9, show that inhomogeneous parts of the fluid we ar~ considering will be subject to a complex system of stresses 1 including multipolar stresses of tensor order ' three and four. Equations 3.11, 3.9 and 3.8 determine the work done by this syste~of stresses in an arbitrary deformation of the fluid. How-· ever, equations 3.11 are not sufficient to determine the stresses themselves uniquely, Since only certain symmetric sums of the multipolar -16-/ stress components appear in these equations. Equations 3.11 may determine a unique stress system if they ate supplemented by suitable boundary conditions; this question is under investigation. ·For the purposes of this paper, however, it does not matter what specific system of stresses is assumed so long as that system is consistent-with the conditions of mechanical equilibrium. We therefore assume the simplest consistent system of stresses. This system is obtained by removing the parenthenses in equation (3.11) to give the equalities:
. (3 .lla) plus the last two of equations 3.11. The solution of these equations gives the stress system:
In parts of the fluid in which the density is uniform the second order stre~s tensor reduces to
where P is a hydrostatic pressure given by the classical formula
(3.13)
The third order stress-tkmp vanishes when the density is uniform. The fourth-order stress tkm does not vanish within homogeneous fluid, but pq the arguments of the preceeding section may be used to show that the work done by this stress in an infinitesimal variation from a state of nearly uniform density is at most a second order correction to .the classical work done by the hydrostatic pressure.
When the fluid element considered is taken from a region bf a rapidly varying density, as from within an interfacial shell, the third order stress may be large and the. fourth order stress may also have ~n -appreciable effect. These stresses do no work in simple dilation or compression of the fluid, but rather influence deformations which alter the local variation of fluid density. These are the. mechanical forces which maintain density gradients in the fluid at equilibrium.
THE CONDITION OF CHfl1ICAL EQUILIBRIUM
The results of the previous section argue that a complex system of local stresses will be operative within a continuous two-phase interface in even a rather simple one-component fluid. Despite this mechanical complexit~, the free energy density at any point in the fluid may be written in the familiar form f=-P/p+J..! where P is a thermodynamic pressure and ll an intrinsic chemical potential.
We show this through a straight-forward application of the condition of chemical equilibrium used by Gibbs.
Consider an element of the fluid which may contain a portion of the interfacial shell. ·Let the internal state of this element be infinitesimally altered while its temperature and total mass remain constant and its -18-boundaries remain-fixed in space. If the fluid is. in thermodynamic equilibrium its total energy cannot be decreased through such a variation.
Mathematically we may write
where ~ * is a Lagrangian multiplier, and ¢ _is potential energy per unit mass.
Since the field ¢ is fixed in space, the inequality 4.2 may be rewritten:
where the symbols of and op indicate variations of the spatial field? 
If we,define a scalar fieldP by the·equation
the inequality 4.3 becomes
This inequality is satisfied for arbitrary choices of v and op .only i f
. .
• .... Finally, we note that the intrinsic potential J.l may be written as the variational derivative (4.10) the variation of the free energy per unit volume with respect to density at constant temperature. This variational form of Gibbs definition of , the intrinsic chemical potential has been previously used by Hart (1963) and by Cahn and Hilliard (1971) . • ,.
THE FUNDAMENTAL EQUATION OF THE SURFACE
-21-/ Let the coordinate x 3 be positive on the a side of the interface.
In theGibbs construction the phase a is then imagined to extend homogeneously up to the dividing surfaces from the positive side, and the phase ·S is imagined to extend homogeneously to the dividing surface from the negative side.
Using equation 4;8 the total free energy contained vithin this fluid element is
.The differential volume dv in the coordinate system to which this fluid element is referred may be written (Harris, 1972) (5. 2) In this equation dS is the differential area of the dividing surface and
where K is the mean curvature of the dividing surface; and K is its Gaussian curvature. Hence If the expression for the second order stress tkm (the last of equatio~s 3.12) is compared with the equation 4.8 defining the thermodynamic pressure P, one finds that
Hence Pis the spherical part of the second order stress within the' transition shell. It should be apparent from the form of equation 5.9, however, that in the most general case one cannot identify cr with the surface excess of the second order stress.
THE SURFACE TENSION OF A PLANE INTERFACE
To establish contact with the Young-Buff and Van der Waals-CahnHilliard equations for the surface tension consider the case in which the surface is plane and the variation of density through the interfacial sh~ll is unidirectional. If the dividing surface is chosen as a surface .
of constant density, The material near a two-phase interface in such a fluid is acted on by a complex system of multipolar stresses, which may be regarded as the mechanical forces which maintain the density variation across the interface. However, the thermodynamic behavior of the fluid near the interface is governed by the familiar equation When the interface is plane, the density variation through the interface is unidirectional, and the dividing surface is placed so that 
